
MATH 2048 24-25 Midterm 1 Solution

1 (a)
. Pul fi

,

fie PuII)
,
CER

Then T (f .
+ c(2) = (fi + fi) + (f + ful

= f .
+ fi + c(fz + fi)

- T(fi) + a Tffu)

: . T is linear. (T(0) = 0)

Puk f + N(T) = f - f = 0

= f = fl

Note that degf > deg f'except f = 0.

:. N(T) = 303 => T one-to-one

Since T is a linear operator on fin-dim US,

T one-to-one - T onto.

:. T Is an isomorphism

(b) . Ifip = (4
, 2

,
1)

1218-cus :)": "I (I

* I

:. IfSu : <IJBIfis = <6
,
-3

,

it

(C) . ITJBIfJB = ITCfl]p + ETCflJu = [T]y [fJu



2()
·

A() i
=> N (LA) =

Spen ((1 ,
2

,
- 13

.

= (i) (in)3

=> R (La) =

Span
471

,
0 ,%3)

, 20 ,
1

, :%034

Check that

(1
,

2
,

- 1) = (1 , 0 ,4) + 220
,

1
,
:1/6)

:. N(La) &R(ca) a 20% - False
.

(b)
.

View M3xs(R) as IR3 x R3x R
Then NCIA) =

Span ((22,
0

,
0)

,
15,T

, 5) ,
10 ,

0,i)

where i = (1
,
2 ,
-1) -> N(LA)

: nullity (a) = 3 and rank (E) = 6



[T]
3 Suppose dim ker Tl = dim Ker Th.

Then I B: (vi) and pr Skil bases of V

St T .
(v ,5) = T(V) =0 Vjck .

Note that rank T1 = rank Th by Rank-Null . The

Then E U .

= Sw , 3 and U = I was bases of w

S . t . T . (vi) = wis Vjsk
T (vi) = w

,

j
Vj > k

Construct R : Ver Sit . M[V , i) = V
:
Vi

S : W + W sit . S(w) = wi Vi

Then Ej < K : STaR (vi) = Sin(vis) = 0 = T. (vis)

- j > k : STuR(vi) = STz(V25) = S(wi)
= wi = T . (v, i)

i
. T :: STzR as all bash rectors agree,

and S
,R invertible as they maps besy

to basis is full renk.
(= )

Suppose T= STnR (S .
R invertible)

Then XEN(T
.) <) STIR(X) = 0

E] T2R(X) = 0 as S full rank

<=) X Ri (N(T)

& full rank => dim NCT2) = dim RINCT2)) = dimNCTi]



4. Let F = &SCF
,

SL :2 , and span(s)nW = <03

Write S: S2 if S. S2.

For every
chain &Sig C F

,
wa claim

that (1) US: is an upper
bound of [Si) and

(2)
.

US: F.

(1) is obvious as SjEUS: Vj.

(2) . Pick any Sc USi ,
then = Syc(S:] St.

ScSj = &L
.I.

Pick x& Span (USi)
=> X= aixi,

then zSj st . Xi CSj V:.

By Zorn's Lemma
,
E maximal element &

in F . We want to show V =

Span (p]OW .

Span (p) +W
= 203 as B of

If span(p) + WE V
, pick x -> VI Span(p) +W.

Then Span (BUEX3) a W : Lol

and BUSXY L .
I

. Contraduction

: V =

spon (B) W



5 191 . Note that t Wh

Pick W
.

= (X , , x' , ...)
,

We = (X , Xc5, ...) Wh
,

CE IR

Then n (xi + <xi)=Xi + c x5 = 0

: W . + C We Wn
.

= Wh is a subspace ,

Write W= Wh

Note that o W

Pick we WWn = weWn for some n

= cot Wa Ac IR

= ce E w

If we Wi
,
then Ex =X = 0 Ejai

as Xk =0 V KC :

· WiWj Fi < j .

So pick wo , wh - W
,
let

w. Wi and watWj ,
WLOG assume isj

Then w. Wj = W
.twWj < W

i . W is a subspace.



(b) .
Pick any W

= (X, . . . ) - V
, let c= EX

Then w = = cei + ( -

ce+ w)

where - ce , two W

Check that spenkais) c W : do

:. Span ((e13) w = v

= V/W = Sc .
+ W : <ORY ·

= din)V/W) = 1.

(2)
. Let U : W - v

[x1
,
42

, . . .

7 #3 (X2
,

X3, .
. .
)

T : v - w

(X ,, xn , . . .)> Sa
,
X ,, X> . . .

7

where c
= - (k+ 1Xi

Cheek thatI ,7 well-defined,
uT = Iv and Th : Iw

.. u = T = V = w
&


